We propose a concept for fast image acquisition in diagnostic ultrasound imaging using compressed sensing (CS). Our concept is based on the formulation of an inverse scattering problem (ISP) to recover deviations in compressibility in a specified region from measurements of the scattered sound. For its derivation, we utilize the Born approximation and assume the emission of a single broadband plane sound wave. We employ CS to regularize this ill-posed ISP, assuming the existence of a sparse representation of the deviations in compressibility in a suitable basis or tight frame. We validate our concept experimentally and compare the recovered images to those generated by synthetic aperture (SA; 128 wave emissions), filtered backpropagation (FBP; single plane wave emission), and delay-and-sum (DAS; single plane wave emission) algorithms. For a sparse wire phantom, our concept outperformed SA, FBP and DAS in terms of sidelobe reduction and lateral -6 dB-widths. Axial -6 dB-widths were comparable. Using wave atoms or curvelets for sparse representation, our concept recovered a commercial multi-tissue phantom with fewer image artifacts and smaller lateral -6 dB-widths than FBP and DAS. Moreover, the achieved contrast was comparable to SA.
Introduction
Recently, the novel mathematical concept "compressed sensing" (CS) has been adopted in various medical imaging technologies, e. g. magnetic resonance imaging (MRI) [1] or photoacoustic tomography (PAT) [2] . CS enables the recovery of objects with sparse representations from only a few physical measurements. With the help of CS, a significant reduction of the number of measurements and thus of acquisition time could be achieved, while image quality was maintained. Using the same number of measurements, the CS concept reduced image artifacts and noise power. Despite these obvious benefits, few attempts have been made to incorporate CS into diagnostic ultrasound imaging (UI). Published investigations mainly focus on conventional pulse-echo B-mode imaging and propose various random sampling strategies for the received RF signals, e. g. [3] . However, these attempts have not yet achieved similar benefits as the application of CS in MRI, CT and PAT.
In the field of inverse problems, CS was recently applied to regularize inverse scattering problems (ISPs) [4] . In this contribution, we adapt this inverse scattering theory to pulse-echo UI. We develop a CS-based concept for the recovery of objects that significantly reduces the number of wave emissions per image and thus acquisition time.
Methods

Solution to the Wave Equation for Inhomogeneous Fluids
The scan configuration employed in two-dimensional pulse-echo UI is illustrated in Image 1. An object
(gray region) with inhomogeneous compressibility 1 κ is embedded in a homogeneous medium with compressibility 0 κ . For 2 ∈ r ℝ , the compressibility κ is then given by
The incident sound wave caused by an excitation of the transducer array is scattered within and at the boundary of the inhomogeneous object Ω . The resulting sound field is approximately governed by the linear wave equation for inhomogeneous fluids. Derivations of its solution can be found in [5] and are also outlined in our preliminary work [6, 7] . Let 
We further assume that κ γ may be approximated by point scatterers located on a regular lattice. The set of
lattice points is defined as
ℝ is an offset vector, x δ and z δ denote the spacing between adjacent lattice points on the x -and z -axis, and x N as well as z N are the number of lattice points on these axes, respectively. With 
As shown in Image 1, the scattered pressure is received by a linear transducer array. The el N measurement locations are δ 
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For each wavenumber the system of linear equations
can be established. For broadband insonification with
, the system (4) can be augmented to
with the complex-
Solution to the Inverse Scattering Problem
The ISP is defined as the recovery of the vector κ γ from measurements of the scattered sound (5). This problem is known to be ill-posed, i. e. there does not exist a unique solution without imposing additional constraints. If κ γ is sparse or if there exists a sparsifying basis Ψ , we can take advantage of CS theory in order to recover κ γ This can be accomplished by solving the convex optimization problem [9] ( ) ( )
where 0 ε > is a measure for noise and inaccuracy of the physical model. Given θ , the recovered vector κ γ is κ = γ Ψθ .
Implementation
We employed SPGL1 [10] to solve the optimization problem (6). This algorithm requires efficient implementations of multiplications of ( ) Hence, the storage of all matrix elements is currently not feasible on standard PCs. To circumvent this problem, we recomputed each matrix element in each matrix-vector multiplication. We employed a Tesla C2070 (NVIDIA Corp., Santa Clara, CA, USA) GPU processor with 32 bit single precision to parallelize and accelerate the computations.
Experimental Setup
We acquired measurement data from two phantoms with the linear transducer array L14-5/38 (number of elements: 128 el N = , element pitch: el 304.8 m δ µ = ) connected to a SonixTouch Research system (Ultrasonix Medical Corp., Richmond, BC, Canada). For both phantoms, full synthetic aperture (SA, cf. [11] ) scans were performed, i. e., el N sequential single element emissions were made, while the received signals of all el N elements were sampled (sampling frequency: 40 MHz). The excitation voltage had a center frequency of 4 MHz. To enhance signal-to-noise ratio, we computed the average of 80 SA scans for each phantom and filtered the data by a digital band pass filter. The averaged and filtered SA data were used to compute a reference image for each phantom. Additionally, we used this data to synthesize measurement data that would have been obtained by plane wave excitation with . The passband of the band pass filter ranged from 2 MHz to 12 MHz. Since the vector κ γ was sparse in spatial domain, the matrix Ψ in (6) was chosen as the identity matrix. Phantom B was a CIRS model 040 multi-purpose ultrasound phantom (Computerized Imaging Reference Systems, Norfolk, Virginia, USA). The phantom was used to investigate the ability of our approach to recover nonsparse vectors To enable a comparison of the presented CS-based concept to existing concepts, a delay-and-sum (DAS) receive algorithm adapted to the excitation with plane waves as well as a filtered backpropagation (FBP) algorithm [11] were investigated besides SA. As the CS-based concept, DAS and FBP operate on the same measurement data obtained by a single plane wave emission and thus also lend themselves for fast image acquisition. In our experiments, the unknown amplitude in l A in (3) was assumed to be constant with a linear phase. 
Results
Details
Conclusion
We investigated the performance of CS in regularizing the inverse scattering problem arising in pulse-echo diagnostic UI. For a sparse object, the best solution to the inverse scattering problem in terms of sidelobe reduction and lateral -6 dB-widths could be obtained by CS. It outperformed the SA approach, although the number of sequential wave emissions was significantly reduced from 128 el N = single element emissions to a single plane wave emission. According to this result, the CS-based concept might be suitable for fast acquisition of sparse objects. For non-sparse objects, we could significantly improve the images presented in [7] by using more suitable sparsifying transforms, namely wave atoms, Daubechies-20 wavelets, and curvelets. 
